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It is conjectured that any compact 3-orbifold containing no bad 2-suborbifolds is built from 
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0. Introduction 
In this paper we consider compact 3-orbifolds as defined and discussed in [17], 
[3], and [4]. An orbifold is said to be good if it has an orbifold covering space 
which is a manifold (that is, an orbifold which has empty singularity set) and very 
good if it has a finite cover which is a manifold. A 3-orbifold is pseudo-good if 
every 2-suborbifold is good. Thurston has conjectured that every pseudo-good 
3-orbifold is built up out of geometric pieces (in a manner made precise below) 
and our main result, Theorem 5.1, states that every 3-orbifold having such geometric 
pieces is very good. 
We make two applications of this result, which generalize well-known results 
about 3-manifolds to the orbifold setting. First, we observe that the fundamental 
groups of such 3-orbifolds are residually finite, thus extending a result of Hempel 
[7]. More involved is the generalization of a classical theorem of Waldhausen [21], 
which states that an isomorphism between the fundamental groups of sufficiently 
large irreducible orientable 3-manifolds, which preserves the peripheral structure, 
must be induced by a homeomorphism. The proof of this for 3-manifolds begins 
with a homotopy equivalence inducing the isomorphism, then shows how to deform 
it to a homeomorphism. This approach appears to be impractical in the orbifold 
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case; instead we pass to finite manifold covers, whose existence is guaranteed by 
our main result, then use a result of Zimmermann [23] to construct the homeo- 
morphism equivariantly. 
Using the terminology of [3], we say that a 3-orbifold M is irreducible if it is 
pseudo-good and if every 2-sided spherical 2-suborbifold in M bounds a 3-orbifold 
isomorphic to the quotient of the 3-ball by a group of Euclidean isometries. Every 
compact pseudo-good 3-orbifold is the connected sum of a finite number of irreduc- 
ible 3-orbifolds (allowing connected sum to itself) and these summands are unique 
up to isomorphism. So after splitting M along spherical 2-suborbifolds and coning 
off the boundary 2-orbifolds thus created, we obtain a uniquely-defined collection 
of compact irreducible 3-orbifolds. 
For each compressible boundary component of an irreducible 3-orbifold, there 
is a characteristic compression body which is an irreducible product-with-handles 
and which is unique up to ambient isotopy. A discussion and proof of this fact are 
included in the Appendix. After splitting off a characteristic compression body for 
each compressible boundary component, we are left with a collection of irreducible 
3-orbifolds with incompressible boundary. In each of these irreducible pieces, there 
is [3, Theorem l] a unique (up to orbifold isotopy) minimal collection F of disjoint 
incompressible 2-sided toric f-suborbifolds of M such that after splitting along F, 
each component is atoroidal or can be S’-fibered. We call these components the 
characteristic pieces of M, and say that M has geometric pieces if the interior of each 
characteristic piece admits a geometric structure (complete, but not necessarily of 
finite volume) modelled on one of the eight geometries described by Thurston in 
[ 181. Geometric structures on orbifolds are defined similarly to geometric structures 
on manifolds (see [17, Chapter 131); in particular, every complete geometric orbifold 
is good. As remarked in [3], the S’-fibered pieces of M always admit such geometric 
structures. Also, any 3-orbifold product-with-handles is very good and has interior 
admitting a complete hyperbolic structure. We can now state a version of the 
Thurston Orbifold Geometrization Conjecture. 
Thurston Orhifold Geometrization Conjecture. Every compact pseudo-good 3-orbifold 
has geometric pieces. 
Thurston has announced the proof of this conjecture for some important cases, 
including Haken 3-manifolds [18] and irreducible very good 3-orbifolds with 
l-dimensional singular set [19]. 
As indicated above, our main result here is the following. 
Theorem 5.1. If M is a pseudo-good 3-orbifold which has geometric pieces, then M is 
very good. 
Its proof requires several dissimilar steps. It suffices to consider the case when 
M is orientable. The existence of a finite manifold cover for M is equivalent to the 
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existence of a torsion-free subgroup of finite index in the (orbifold) fundamental 
group of M. From the geometric decomposition, we know that the (orbifold) 
fundamental group of M is a graph product whose vertex groups are fundamental 
groups of geometric orbifolds and products-with-handles, and whose edge groups 
are peripheral subgroups. For such a graph product, we observe in Section 1 that 
the existence of a torsion-free subgroup of finite index is equivalent to the existence 
of a collection of normal torsion-free subgroups of finite index in the vertex groups, 
which are compatible in the sense that the subgroups in the vertex groups at both 
endpoints of each edge have the same intersection with the edge group. The first 
step in finding such a collection is the proposition in Section 2, which uses the 
explicit form of the isometry groups of the eight geometries to resolve the possibilities 
for the vertex groups into five cases-the fundamental groups of hyperbolic orbifolds 
and of S’-fibered orbifolds are the only two of these cases that require much analysis. 
The heart of the paper is the following “relativized Selberg’s Lemma” proved in 
Section 3. 
Proposition 3.1. Let r be a jinitely generated subgroup of GL(2, C) which contains 
finitely generated unipotent subgroups P, , Pz, . . . , P,. Then, for all but finitely many 
primes p, r contains a normal torsion-free subgroup which has jinite index in I’ and 
intersects each P, in pP,. 
This result, which should be of some independent interest, is used to show that 
in the hyperbolic case, a torsion-free subgroup can be found that intersects the 
peripheral subgroups in a sufficiently-controlled manner to insure the eventual 
compatibility of the selected subgroups. The next section obtains a similar result 
for S’-fibered orbifolds-this is easier since their fundamental groups are well- 
understood and closely related to the fundamental groups of 2-dimensional orbifolds. 
These ingredients are combined in Section 5 to give the main result, and the 
aforementioned applications are given there as well. 
1. Graph products of virtually torsion-free groups 
Let (r, 9) be a finite graph of groups. A compatible collection of subgroups of the 
vertex groups of (I; 3) is a collection { Y,(v) ) v E Vert( r)} of subgroups 9, (v) G !?!I( v) 
such that for every edge etZ:,l’~‘~,(fi,,e)=f~‘~,(s,e). (Here 6,e and 6,e are 
respectively the origin and terminus of the edge e and fC : %I( e) + 9(&e) is the 
edge-to-vertex monomorphism. This terminology is consistent with [Ml.) Letting 
ie,(e)=f;‘%,(Soe), we obtain a graph of groups (I-, 9,). 
Proposition 1.1. Let (r, 9) be a finite graph of groups and let G be the,fundamental 
group ~~(1; 54). Then G is virtually torsionfree if and only if there is a compatible 
collection ofjinite index torsionfree normal subgroups,for the vertex groups of (r, 9). 
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Proof. If G is virtually torsion-free then there is a normal torsion-free subgroup of 
finite index in G. The intersections of this subgroup with the vertex groups of (r, 9) 
give the desired compatible collection. Conversely, suppose (r, %i) is a compatible 
collection of finite index torsion-free normal subgroups. Let (r, 9) be the graph of 
groups with vertex groups 9(v) = 9(v)/ 9,(v) and edge groups 9(e) = Y(e)/ Y,(e), 
and the naturally induced edge-to-vertex monomorphisms. The quotient projections 
of the vertex groups define a surjective homomorphism from ni(T, Y?) onto ni(T, 9) 
(to prove this one may use induction on the number of edges together with the 
universal mapping properties of free products with amalgamation and HNN 
extensions); since any torsion element of rr,(r, 9) is conjugate into a vertex group 
[ 15, Corollary 3.81, this homomorphism has torsion-free kernel. But the graph of 
groups (r, 9) has finite vertex groups, hence by [lo] it has a free subgroup of finite 
index. The preimage of this subgroup in V, (r, 9) is a torsion-free subgroup of finite 
index. This completes the proof. 0 
The assumption of normality for the compatible collection is necessary in 
Proposition 1.1; in the following example, G is a graph product which has a 
compatible collection of finite index torsion-free subgroups, but G is not virtually 
torsion-free. 
Example 1.2. Let K be the group given by the presentation 
K=(x, tIx3=1, txt~‘=x~‘). 
This is a semidirect product of the form Z/3 0 77, and the normal closure of t equals 
K. The subgroup H generated by t is infinite cyclic and has index 3 in K. Now let 
L denote any torsion-free group which has no proper subgroups of finite index, 
such as the additive group of rational numbers or the finitely presented group studied 
in [8], and let h be any nontrivial element of L. Form the free product with 
amalgamation G = K *z L in which the generator of Z is identified to the elements 
t E K and h E L. The subgroups H S K and LS L form a compatible collection of 
torsion-free subgroups of finite index. However, any normal subgroup of finite index 
in G must contain L, hence must contain the normal closure of t and cannot be 
torsion-free. Therefore G is not virtually torsion-free. 
2. Compact 3-orbifolds with geometric interior 
The proposition in this section delineates the cases that must be considered in 
the proof of the main theorem. Its proof relies heavily on work of Scott [ 141, which 
provides similar results for the manifold case, together with a key result of Meeks 
and Scott [13]. The latter asserts that any finite group action on the product of a 
2-manifold and an interval (preserving the product of the boundary of the 2-manifold 
with the interval) is conjugate to an action which preserves the product structure- 
this allows us to deduce that in most cases, fibered structures on manifolds descend 
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to fibered structures on their quotient orbifolds. The details of the proof of our 
proposition are not essential for understanding the rest of the proof of the main 
theorem. 
Proposition 2.1. Let M be a compact orientable 3-orbifold whose boundary is incom- 
pressible. Suppose that the interior of M admits a complete geometric structure modelled - 
on one of the eight geometries W’, S3, E’, S2 x R, W2 x R, SL,, Nil, or Sol. Then at 
least one of the following holds: 
(1) rp”( M) is finite. 
(2) The interior of M admits a complete hyperbolic structure. 
(3) M is S’ -fibered over a good 2-orbifold. 
(4) M is I-fibered over a good 2-orbifold. 
(5) M is closed and has a jinite cover which is a manifold. 
Proof. Write r for n:‘“(M). When int(M) admits a complete geometric structure 
modelled on the geometry G, the isometry group Isom( G) contains r as a finitely 
generated discrete subgroup. It suffices to consider the seven geometries other 
than W3. 
1. G = S’. In this case M must be closed and finitely covered by S’. 
2. G = E3. By an extension of the First Bieberbach Theorem to possibly non- 
uniform discrete subgroups of Isom( E’), (see for example [22, Theorem 3.2.81 or 
[14, p. 443]), we have an exact sequence 
where k s 3, F is finite, and when k > 1, h” is the translation subgroup of I: If k = 0, 
then r is finite and case (1) holds. If k = 1, then M is finitely covered by S’ x D’ 
contradicting incompressibility of i)M. If k =2, then int(M) is finitely regularly 
covered by T2 x (0,l). The corresponding covering of M must be T’x I. By [ 13, 
Theorem 8.11, the action of the covering transformations may be assumed to preserve 
the product structure of T’ x Z, hence M is I-fibered. Finally, if k = 3, then M is 
closed and finitely covered by the 3-torus. 
3. G = S” x R. From [ 14, p. 4571, we have Isom(S’ x R) = Isom(S’) x Isom(R). 
Since Isom(S’) is compact, the image of I’ under the projection r: Isom( S2 x R) + 
Isom(R) is discrete and l-n ker( r) is finite. If n(T) is finite then case (1) holds. 
Otherwise, we may choose an element y E 1‘ so that r(y) has infinite order. The 
quotient of S’ x R by the subgroup generated by y is S’ x S’ and is a finite covering 
of M. 
4. G = W2 x R. From [ 14, p. 4591, we have Isom(W’ x R) = Isom(W’) x Isom(R). The 
translation subgroup R! c Isom(R) has index 2; let r, = r n (Isom+(W”) x R), where 
the plus superscript indicates the orientation-preserving subgroup. The image of r, 
under the projection to Isom+(W”) = PSL(2, R) is a finitely generated subgroup, so 
by Selberg’s Lemma it has a torsion-free subgroup of finite index. Therefore r, has 
a torsion-free subgroup r, of finite index, which may be chosen to be normal in 1 
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Since M is good, the covering of M corresponding to I; is a manifold which we 
denote by I?. By [14, Theorem 4.131, at least one of the following holds: 
(i) int(fi) is Seifert fibered over a hyperbolic 2-orbifold. 
(ii) int(fi) is a line bundle over a hyperbolic 2-manifold. 
(iii) l-z = Z, Z x Z, or the fundamental group of the Klein bottle. 
In case (i), fi must be Seifert fibered. (If G is closed, there is nothing to prove; 
if dM is nonempty, the assertion follows from [5].) Now if %? = S’ x D2, then dM 
. 
must be compressible, which is excluded by hypothesis. If M = T2 x I, then 
[13, Theorem 8.11 shows M is I-fibered. Otherwise, well-known results from the 
theory of Seifert 3-manifolds show that the fiber is unique, a.nd [ 13, Theorem 2.21 
shows that M is S’-fibered. In case (ii), by passing to a smaller subgroup of r we 
may assume that int( fi) is the product of a hyperbolic surface with the open interval 
(0, 1); since dM is incompressible, the hyperbolic surface is closed, and 
[13, Theorem 8.11 again applies. Finally, suppose (iii) holds. We cannot have I-, =Z, 
because 3M is incompressible, so there is a finite regular covering of M with 
fundamental group Z x Z, and [ 13, Theorem 8.11 applies once more. 
5. G = z,. From [ 14, pp. 464-4651, the identity component Isom,(%) has index 
2 in Isom(%,) and resides in an exact sequence 
Applying Selberg’s Lemma shows that r has a torsion-free subgroup of finite index, 
and the remainder of the argument is very similar to the case of G = HI2 x R, using 
[14, Theorem 4.151 in place of [14, Theorem 4.131. 
6. G = Nil. From [14, p. 4671, we have an exact sequence 
1 + R + Isom( Nil) + Isom( E2) + 1. 
The identity component Isom0(E2) has index 2 and is an extension 
1+R+Isom0(E2)+S0(2)+1. 
The image of any finitely generated subgroup of Isom,( E2) in SO(2) is abelian and 
so must have a torsion-free subgroup of finite index. It follows that r has a 
torsion-free subgroup of finite index. The remainder of the argument is very similar 
to the case of G = W’x R, using [ 14, Theorem 4.161 in place of [ 14, Theorem 4.131. 
7. G = Sol. From [14, pp. 470-4711, the identity component Isom,(Sol) is equal 
to Sol acting on itself by left multiplication, and has index eight in Isom(So1). Let 
IT0 denote Tn Isom,(Sol). Since Sol is torsion-free, r, must act freely and so 
[ 14, Theorem 4.171 shows that the interior of the covering &? corresponding to r0 
has the structure of a 2-orbifold bundle over a 1-orbifold; moreover, the fibers are 
Euclidean. To analyze these, we follow the proof of [ 14, Theorem 4.171, which is 
based on the exact sequence 
O+RxR+Isom,(Sol) ; R+O. 
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If r, is trivial then r is finite. If either r,, n R x R is trivial and r,, is nontrivial, or 
I-,, n R x R is infinite cyclic, then it is shown in [ 14, p. 4711 that r, is infinite cyclic. 
This is impossible since M has incompressible boundary. Finally, if r, n R x R = 
Z x Z, then the interior of the covering of M corresponding to this subgroup is a 
torus bundle over R. If r(T,,) is nontrivial then M is finitely covered by a torus 
bundle over S’. Otherwise, [13, Theorem 8.11 shows that M is an I-bundle. 
This completes the proof of Proposition 2.1. 0 
3. Manifold covers of hyperbolic orbifolds 
The main result in this section is a relativized version of Selberg’s Lemma which 
applies to groups of two-by-two complex matrices. Our proof of it incorporates 
elements of Alperin’s [I] approach to Selberg’s Lemma. 
The relativization is with respect to unipotent subgroups in GL(2, C); that is, 
subgroups conjugate to subgroups consisting of elements of the form I + U where 
U is strictly upper triangular. Unipotent subgroups correspond to parabolic 
subgroups of Isomi(W3), but may have rank larger than 2. 
Proposition 3.1. Let r be a finitely generated subgroup of GL(2, C) which contains 
Jinitely generated unipotent subgroups P,, P2,. . , P,. Then, for all but jinitely many 
primes p, r contains a normal torsion free subgroup which has jinite index in r and 
intersects each P, in pP,. 
Proof. For each I= 1,2,. . . , r choose a basis {A,, AI,. . . , A,,} for the free abelian 
group P,. Also choose elements y, E GL(2, C) so that for each j, we have 
1 3 
y,A,yJ'= o 1 
[ I 
for some ~~ E C. Let r” be the subgroup of GL(2, C) generated by r u {y, , y2, . . . , yr>. 
We now proceed with the construction in the Main Theorem of [l] using r* in 
place of r. 
Let F be a finitely generated subfield of @ containing all entries of the matrices 
in r*. There is a purely transcendental field K = Q(x,, x2,. . . , x,,) so that F is a 
finite extension of K with degree k. Let {cy, = lF, cy?, . . . , ak} be a basis for F over 
K. If V is a 2-dimensional vector space over F with basis {e,, e2} then it is a 
2k-dimensional vector space over K with basis {cu,e,, . , eke,, N,eZ,. . . , akeZ}. As 
each linear transformation of V over F is also linear over K we may use these 
bases to define an injective homomorphism GL(2, F) + GL(2k, K). Now r* injects 
to a finitely generated subgroup of GL(2k, K) so in K there is a finitely generated 
ring A = iZ[ l/s][x,, . . . , x,, l/f], where s E Z and f~ Z[l/s][x,, . . , x,,], which 
contains all entries of the matrices in the image of r*. Thus we have an isomorphism 
p from r* into GL(2k, A). 
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For a given Z, 14 l s r, consider p( y,P,yJ’). Since each element A E y,P,yl’ has the 
form 
[ 
1 c;=, w;Lyi 0 1 1 ’ wi E K, 
it readily follows from the definition of p that 
where W, is a k x k matrix over A whose first column is 
implies that the first column of W, is nontrivial whenever 
a positive integer M, so that for all j, 1 sjs s,, 
(w,, w2,. . . , w~)~. This 
A is nontrivial. Choose 
where wji E iZ[ l/s][x,, . . . , x,]. Then, 
Ik (l/f “‘) wj 
0 Ik 1 
where the first column of W, is (wj,, w,*, . . . , w;k)T. Since this column is nontrivial, 
for eachj, there is an iO, 1 G i,< k, so that w~,,~~~ has some x71 . * . x2 term coxrl . . 9 x2 
with co # 0. For any j > j, such that w,~,) has a nontrivial xrl . . . x2 term cxrl * . . x2, 
we may choose a new basis (which we again denote by {A,,,, A,}) for the subgroup 
of P, generated by {A,,,, A,} so that the x:1 . . . x> term now vanishes in wjio and is 
still nonzero in wj,+,,. (Explicitly, if c,, = CA/S” and c = c’/sh with ch, C’E Z -{O}, then 
the new coefficient of x71 . . * x2 in A.,,, is gcd{ cb, c’}/ sh.) In this way we may rechoose 
the free abelian basis {A,, . . . , A,,} for P, so that for each j, there is an i0 for which 
w,,,,,, has a nonvanishing x:1 . . . x2 term cOx;Il . . . x> but the corresponding term 
vanishes in each oil,, for j > j,. 
The procedure described in the previous paragraph is now repeated for each 
1, 1 G 1s Y. Consider a prime number p which divides neither s nor any coefficient 
off nor any coefficient of any of the polynomials wji where 1~ 1 G r, 1 s j G sI, and 
1 G is k. Note that all but finitely many primes will satisfy these conditions. 
For each Z, 14 I < r, and each sequence c = (c, , . . . , c,,) # (0, . . . , 0) of nonnegative 
integers less than p, let j, = min{j / c, # 0} and let g(l, c) be the polynomial with 
coefficients in Z[l/s] given by 
g(l, C)(X,, . . ) X,) = ; CjWji,,. 
j=l 
Observe that 
g( I, c)(x, ) . . . , x,) = cj,,c”x;l . . . x>r 
+ (a polynomial with no x:1 1 . . x> term) 
where 
g(l, e) 
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cjc,co F 0 (mod p) (co is a coefficient of W;“iO so is not divisible by p). Therefore 
projects to a nontrivial polynomial under the natural homomorphism 
allsl[x,, . . . , &II + F,[x,, . . . , x,1. 
Let g(x,, . . . ,x,) be the product of f(x,, . . . , x,) with all of the (finitely many) 
polynomials g( I, c) where 1 G 1 s r and c is a sequence as described above. By the 
above remarks g(x,, . . , x,) projects to a nontrivial element of IF,[x,, . . . ,x,1. 
Since the algebraic closure F,, is infinite there are elements a,, . . , a, in 6 so that 
Aa,,..., a,) # 0. Define a homomorphism 7~ : A + F,, by composing 
A = E[llsl[x,, . . . , xm, WI + F,[x,, . . . , xm, l/f1 
with evaluation at (a,, . . . , a,). It follows that v(A) is a finite field and we have a 
natural homomorphism <,, :GL(2k, A) + GL(2S T(A)). 
If h E y,P,y,’ for some 1 then 
and since n(A) has characteristic p, &p(A) is either trivial or has order p. This 
shows that &,p(y,P,y,‘) is a vector space over F,, generated by 
In fact, our choice of p guarantees that the set B is linearly independent: suppose 
that c = (c, , . . . , c,,) # (0, . . . , 0) is a sequence of integers with 0~ cj <p, then 
where 
1 SI 
w=pjz, c,Y 
Let j, = min{j / c, # 0} and let i,, 1~ i ,,G k, be the integer associated with j, as 
described above. Then the (i,,, 1)-entry of rr( W) is 
By construction, r (g( r, c)/f”l) # 0 and so 
ii S,dy,A.,y;‘)‘, f 1 
;=1 
showing that B is a basis for {,p(y,P,y;‘). 
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It now follows that for all but finitely many primes p, ker(&,p) is a normal subgroup 
of finite index in r* which intersects each y,P,y;’ in p(y,P,y;‘). Thus, for these 
values of p, r n ker(&,p) is a normal subgroup of finite index in r which intersects 
each P, in pP,. Following [l] we now consider torsion elements in p(T*). Using 
the fact that K is transcendental over Q, we observe that if g is an element of finite 
order in GL(2S K) then the trace of g is an integer between -2k and 2k, and if it 
equals 2k then g = 1. Thus the set T of all traces of torsion elements in p(T*) is 
finite. If we additionally choose p to be one of the all but finitely many primes 
which do not divide 2k - t for any t E T then p(T*) and r n ker(&,p) are torsion-free. 
(Suppose y E r n ker(&p) has finite order and t E T is the trace of p(y). The trace 
of &p(y) = 1 is n-(t) = 2k. This implies that t = 2k (mod p), but by our choice of p, 
this means that t = 2k. Thus p(y) = 1 and y = 1.) This completes the proof of 
Proposition 3.1. 0 
Corollary 3.2. Let r be a finitely generated discrete subgroup of Isom+( W’). Then for 
all but finitely many primes p, r has a normal torsion-free subgroup of finite index 
which intersects each maximal parabolic subgroup P of r in pp. 
Proof. In [ 161 it is shown that r contains finitely many conjugacy classes of maximal 
parabolic subgroups, each with rank at most two. Let P, , P2, . . . , P, be representa- 
tives for these conjugacy classes. Consider the two-to-one surjective homomorphism 
q : SL(2, C) + PSL(2, C) = Isom+(W3). For each 1 there is a unipotent subgroup r’, 
which projects isomorphically onto P, via q. By Proposition 3.1, for all but finitely 
many primes p, the preimage q-‘(T) contains a normal torsion-free subgroup N of 
finite index which intersects each p, in pp,. It is now easily checked that q(N) gives 
the desired subgroup of K 0 
4. Manifold covers of fibered orbifolds 
If F is a closed Euclidean orbifold then Bieberbach’s Theorem implies that 
VI-~‘“(F) contains a unique maximal Abelian subgroup A of finite index which is 
free Abelian. If p is a prime integer then we refer to the subgroup pA as the 
characteristic subgroup of ryrb( F) associated with p. 
Proposition 4.1. Let M be a compact orientable 3-orbtfold with incompressible boundary 
which is S’-fibered over a good 2-orbifold B. Then for all but finitely many primes p 
there is a torsion-free normal subgroup A c rr, Orb(M) with finite index so that for each 
component F c aM, A n rrrrb( F) is the characteristic subgroup of ryrb( F) associated 
with p. 
Proof. The projection M + B induces a surjective homomorphism p: n;lrb( M)+ 
ryrb( B) which has cyclic kernel [4, Lemma 4.31. Since B is good, the interior of B 
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has an elliptic, Euclidean, or hyperbolic structure. It follows that T’;‘~(B) contains 
a torsion-free normal subgroup A, of finite index (in the elliptic case rry”( B) is 
finite; in the Euclidean case rrYrb(B) h as a free Abelian subgroup of finite index; 
in the hyperbolic case, Selberg’s Lemma applies). If ker(p) is finite then B must be 
elliptic [4] and rryrb(M) is finite. Otherwise, ker(p) is infinite cyclic and p-‘(A,) is 
a torsion-free normal subgroup of finite index in rryrb( M). This completes the proof 
when M is closed and so we assume now that dM is nonempty. Additionally, we 
may assume that the orbifold Euler characteristic x0’“(B) is less than or equal to 
zero, for otherwise B is finitely covered by a 2-disk, which readily implies that M 
has compressible boundary. 
If x0’“(B) < 0 then the interior of B has a complete hyperbolic structure with 
finite volume. By Corollary 3.2, for all but finitely many primes p, there is a 
torsion-free finite index normal subgroup A,c ryrb(B) which, for each component 
C of aB, intersects rryrb( C) in its characteristic subgroup associated with p. By 
passing to a subgroup of index 2 if necessary, we may also assume that A, is 
contained in the orientation subgroup of rryrb( B). Such a subgroup A,G nyrb(B) 
also exists when xorb(B) = 0. In this case, recalling that dB is nonempty, B is either 
an annulus, a Mobius band, or one of the five orbifolds shown in Fig. 1. 
Fig. 1 
The corresponding seven orbifold fundamental group pairs ( r;lrb( B), rrYrb( C)) 
are (z, z), (& 2Z), (Z x2/2, z x(l)), (&, &), (&, z), (&, &), (%x 
Z/2, D, x { 1)) (in the first and fourth cases, the index of rr;lrb( C) is 1, while in the 
other cases it is 2). From this the existence, for every prime p, of the subgroup 
A,, c r;lrb( B) with the desired properties is easily established. Returning now to the 
general case of x0’“(B) < 0, if p is one of a set of all but finitely many primes then 
we have constructed a corresponding subgroup A,. Consider the exact sequence 
l+h+p-‘(A,,) : A,-1. 
This sequence corresponds to a Seifert fibration of an orientable 3-manifold which 
covers M, and whose orbit space is an orientable bounded 2-manifold (by our choice 
of A,). This fibration has a section and it follows that the above sequence splits 
and we may identify p-‘(A,) as a direct product Z x A,,G nyrb( M). We now define 
A to be the intersection of all the (finitely many) conjugates of (pZ) x A, in ryrb( M). 
That is, 
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Clearly A is a torsion-free normal subgroup of finite index in ryrb(M). If F is 
a component of aiI4 and if C is the image of F under the projection of F to B 
then rryrb( F) = Z 0 rryrb (C) and-denoting the characteristic subgroup associated 
with p of the Euclidean group A by char,(A)-we have ,irTrb( F) n (pZ) x A, = 
char,( ryrb( F)). Using the simple fact that if (Y is an isomorphism between Euclidean 
groups A, and AZ then a(char,(A,)) = char,(A,), we obtain 
=JL, char,( rryrb( F)) 
= char,( nyrb( F)). 
This completes the proof of Proposition 4.1. 0 
Proposition 4.2. Let M be an orientable 3-orbifold which is I-jibered over a closed 
good 2-orbtfold B. Then x-yrb( M) has a torsion-free normal subgroup A of$nite index. 
If ?IM is Euclidean then for each prime p, A may be chosen so that A n ~-y’~(dM) is 
the characteristic subgroup of rryrb(8M) associated with p. 
Proof. Since M is I-fibered over B, it follows that ryrb( M) = ryrb( B). As explained 
in the proof of Proposition 4.1, 7ryrb(B) has a torsion-free subgroup of finite index. 
If aM is Euclidean and p is any prime integer, then let A be the characteristic 
subgroup of ryrb(aM) associated with p. Then A is a normal subgroup of ryrb( M) 
with the desired properties. 0 
5. The main theorem and some applications 
Theorem 5.1. If M is a compact pseudo-good 3-orbifold which has geometric pieces, 
then M is very good. 
Proof. The hypothesis implies that M can be split along a finite collection of 
two-sided spherical, discal, and Euclidean suborbifolds, so that after filling in 
spherical boundary components, the interior of each component admits a geometric 
structure modelled on one of the eight geometries. If M satisfies this condition, 
then so does the orientable double cover of M, so without loss of generality we may 
assume that M is orientable. By van Kampen’s theorem for orbifolds, our decomposi- 
tion of M corresponds to a structure for rTrb(M) as a graph product of groups 
whose edge groups are either finite or are fundamental groups of closed orientable 
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Euclidean 2-orbifolds, and whose vertex groups are either finite or are fundamental 
groups of compact 3-orbifolds whose interiors admit a geometric structure for (at 
least) one of the eight geometries. By Proposition 2.1, each of these geometric 
3-orbifolds X satisfies at least one of the following conditions: 
(1) 7ry’“(X) is finite. 
(2) The interior of X admits a complete hyperbolic structure. 
(3) X is S’-fibered over a good 2-orbifold. 
(4) X is I-fibered over a good 2-orbifold. 
(5) X is closed and has a finite cover which is a manifold. 
Moreover, in every vertex group corresponding to a geometric piece of A4, each 
edge group for an adjacent edge is either finite or is the fundamental group of an 
orientable Euclidean 2-orbifold which is a boundary component of that geometric 
piece. The lemmas in Sections 3 and 4 show that for each vertex group in cases (2), 
(3), and (4), for all but finitely many primes p there is a normal torsion-free subgroup 
of finite index in the vertex group that intersects each of these peripheral subgroups 
in the (unique) characteristic subgroup associated with p. Choose a prime for which 
there exists a choice of such normal subgroups in every vertex group for cases (2), 
(3), and (4). In cases (1) and (5) choose any normal torsion-free subgroup of finite 
index. This collection is compatible on the edge groups, so by Proposition 1.1, there 
exists a torsion-free subgroup of finite index in rryrh( M). By [ 17, Proposition 13.3.21, 
every geometric 3-orbifold is good, hence any covering space whose fundamental 
group is torsion-free is a manifold. It is easy to see that the same is true for orbifold 
products-with-handles. The pieces of the finite covering of M corresponding to the 
torsion-free subgroup of nyrh( M) are covers of the pieces of M, hence this covering 
is a manifold. This completes the proof of Theorem 5.1. 0 
It is now straightforward to extend a result of Hempel [7] to our setting: 
Corollary 5.2. Let M be a compact pseudo-good 3 -orb$old which has geometric pieces. 
Then rr;lrb( M) is residually$nite. 
Proof. By Theorem 5.1, M has a finite covering N, which is an orientable manifold. 
Split N, along compressing disks to obtain a (not necessarily connected) manifold 
N which has geometric pieces and incompressible boundary. The result of [7] shows 
that every irreducible summand of N which is Haken has residually finite funda- 
mental group. Consider an irreducible summand which is not Haken. The Seifert 
fibered summands either have finite fundamental group or are virtually Haken [6] 
so their fundamental groups are residually finite. The remaining irreducible non- 
Haken summands are hyperbolic so Selberg’s Lemma shows that they have residually 
finite fundamental groups. Since free products and finite index supergroups of 
residually finite groups are residually finite, it follows that r,(N), nr( N,), and 
.iryrb(M) are residually finite. This completes the proof of Corollary 5.2. 0 
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As a final application, we can extend a fundamental theorem of Waldhausen [21] 
to some 3-orbifolds. 
Corollary 5.3. Let M, and M2 be compact orientable irreducible suficiently large 
pseudo-good 3-orbifolds with geometric pieces each of whose boundary components 
(if any) is an incompressible Euclidean 2-orbifold. If a : r;lrb( M,) + rryrb( Mz) is an 
isomorphism which preserves the peripheral structure, then there is a homeomorphism 
f: M, + M2 which induces LX. 
Proof. By Theorem 5.1 there is a regular covering 9, : A?, + M, where k, is a compact 
3-manifold. There is a corresponding regular covering q2: kz+ M2 where fi* is a 
compact 3-manifold and (q2)#( r,(A?I*)) = a Q (q,),(*,(A?,)). Observe that A?, and 
Gz are irreducible and sufficiently large and that each of their boundary components 
is an incompressible torus. The proof will be broken into two parts according to 
whether or not I%?, (and thus fiz [5]) is Seifert fibered. 
Consider first the case where fi, and & are not Seifert fibered. Let 6 : r,(A?,) + 
r,(h%J be the isomorphism given by & = (qJ#,a(q,)#. Since LY preserves the 
peripheral structure of M, and M2, it follows that 6 preserves that of 6, and 2,. 
Waldhausen’s Theorem [21, Corollary 6.51 shows that there is a homeomorphism 
h : A?, + I& which induces &. Let G be the finite group ~~‘b(M,)/q,#(~TT;)rb(~,)), 
let A,: nyrb(M,) + G be the quotient homomorphism, and let p, : nyrb( M,) + 
Homeo(l\;l,) and p2: n-yrb( M,) + Homeo(%?J be the standard imbeddings onto the 
group of covering transformations of q, and q2. (Thus, for g E G and g E ryrb( M,) 
with h,g = g, p,(g), and (q,),‘p(g)(q,), induce the same outer automorphism of 
rr,(G,).) Consider the two effective G-actions on fi, defined by 4, = p, 0 A,’ and 
&=p(h-‘)OpZOo+; where p( h-‘) : Homeo( $!fz) + Homeo( $f,) denotes “conju- 
gation” by h-,. It is easily checked that, for each g E G, 4,(g) and &(g) induce 
the same outer automorphisms of r,(G,). Since M, and MS have geometric pieces 
the actions 4, and & must be geometric in the sense of [23]. Recalling that fi, is 
not Seifert fibered, it follows from [23, Theorem 0.11 that there is k E Homeo(2,) 
which is isotopic to the identity and satisfies &(g) = k4,(g)kP1 for all g E G. 
Therefore h 0 k: A?, + II?, is a homeomorphism which is equivariant with respect to 
the coverings q, and q2, and h 0 k descends to give a homeomorphism f ‘: M, + MZ. 
Moreover there is an inner automorphism p of rryrb(M,) so that the following 
diagram commutes. 
(4,)# 
l- Tr,(lii,)- 7ryrb( M,) L G-l 
(Q)# 
1- ?r,(fi*)- 
Ala-’ 
rryrb( Mz) - G - 1 
Therefore tC’(f k)-,a is an automorphism of riT;lrb (M,) which induces the identity 
automorphisms on (q,)+( r,(G,)) and G. The center Z( rr,( G,)) of rr,(fi,) is trivial 
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(since fi, is not Seifert fibered) so H’(G; Z(rr,(j’?,))) is trivial and ~~‘(f:)-‘a 
must be an inner automorphism p’ of v’;‘~(M,). Since M is an orientable 3-orbifold 
each element of rryrb (M) is represented by a loop in the interior of M which misses 
the singular set. Therefore, by employing the usual technique of sliding the basepoint 
around an appropriate loop, we may find a self homeomorphism f” of M, which 
induces the inner automorphism p 0 p’. Taking f =f’ of” gives the desired homeo- 
morphism from M, to M, which induces (Y. 
We now consider the case where k, and fiZ are Seifert fibered manifolds. Since 
they are sufficiently large and irreducible each of their interiors admits a geometric 
structure based on one of the four geometries E3, W2 x R, E2, or Nil. By [13] the 
orbifolds M, and M2 are either Euclidean or else they are S’-fibered orbifolds with 
unique (up to isotopy) generic fiber. In the latter case the orbifold Mi (i = 1,2) is 
fibered over a 2-orbifold B, whose interior is either Euclidean or hyperbolic and 
the projection induces an epimorphism pi : ryrb( Mi) + ryrb( Bi) whose kernel is the 
unique maximal infinite cyclic normal subgroup of ryrb(Mi). As a result the 
isomorphism (Y : rYrb( M,) + n-yrb( M2) satisfies cu(ker(p,)) = ker(p,) and so it induces 
an isomorphism & : n-yrb( B,) + ryrb ( B2) which preserves the peripheral structure. We 
claim that there is an inner automorphism & of vyrb(B,) so that & 0 fi is induced 
by a homeomorphism from B, to B,. Consider first the case where B, and B2 have 
Euclidean interiors. If they are closed orbifolds the result follows from the Second 
Bieberbach Theorem [22]. Otherwise they are one of the seven bounded orbifolds 
considered in the proof of Proposition 4.1-in each of these cases there are at most 
two outer automorphisms of ryrb(B,) which preserve the peripheral structure and 
the result is easily established. Now consider the case where B, and B2 have 
hyperbolic interiors. If they are closed the result follows from [20, Corollary 3.611. 
When B, and B2 have nonempty boundary the result follows from [20, Theorem 3.61 
using the fact that an isomorphism which preserves the peripheral structure must 
preserve the relation of being “crossed” (the restriction of & to an isomorphism 
between finite-index Fuchsian subgroups preserves the peripheral structure so by 
[ 1 l] preserves the relation of being crossed; since the axis of an element of infinite 
order is the same as the axis of any nonzero power of the element, it follows that 
a” preserves the relation of being crossed). Thus & 0 @ is induced by a homeomorph- 
ism from B, to B, as claimed. We now apply [9, Section 2.41 to obtain a homeo- 
morphism from M, to M2 realizing (Y 0 p for some inner automorphism of rryrb( M,). 
Again p is induced by a homeomorphism of M,, since M, is orientable, and so (Y 
may be realized by a homeomorphism from M, to M2. 
It now remains to consider the case when M, and M, are Euclidean 3-orbifolds. 
If they are closed then the Second Bieberbach Theorem shows that for some inner 
automorphism p of nyrb( M,), a 0 p is induced by a homeomorphism from M, to 
M2. Otherwise, as shown in Proposition 2.1, M, and M2 are I-fibered over closed 
Euclidean 2-orbifolds B, and B2. In this case, n-Yrb(Mi) = nyrb(Bi) and using the 
Second Bieberbach Theorem as above shows that for some inner automorphism 
p, cx 0 p is induced by a homeomorphism from B, to B,. This homeomorphism 
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extends to a homeomorphism from M, to M2 inducing (Y 0 EL. In either case F is 
realized by a self homeomorphism of M ,, so the proof of Corollary 5.3 is 
complete. 0 
Appendix. Characteristic decomposition of irreducible 3-orhifolds with boundary 
Suppose F is a compact compressible boundary component of an irreducible 
3-orbifold M. Consider a collection of disjoint nonparallel compressing discal 
2-orbifolds for F (that is, discal 2-orbifolds properly imbedded in M, whose boun- 
daries lie in F but do not bound discal 2-orbifolds in the boundary of F). An Euler 
characteristic argument shows that a maximal such collection must be finite. Take 
a regular neighborhood of the union of F and the compressing 2-orbifolds. By 
irreducibility, each spherical boundary component of this regular neighborhood 
must bound a 3-suborbifold isomorphic to the quotient of the 3-ball by a finite 
group of Euclidean isometries. Adding all such 3-suborbifolds to the regular neigh- 
borhood, we obtain a compact connected irreducible 3-suborbifold V of M whose 
intersection with 8M is F and whose frontier is incompressible in M. Observe that 
V has the structure of an irreducible product-with-handles; that is, there is a compact 
but not necessarily connected nonspherical good 2-orbifold B such that V is obtained 
from the product B x I by attaching along B x {l} an orbifold which is constructed 
using only orbifold l-handles and finite quotients of the 3-ball. The original com- 
pressing discal orbifolds are the cocores of these l-handles. By analogy with the 
manifold case studied in [2] and [12], an orbifold V constructed by the procedure 
described above is called a characteristic compression body or incompressible neigh- 
borhood for F. 
Proposition. Let F be a compact compressible boundary component of an irreducible 
3 -orbifold M. If V and V’ are characteristic compression bodies for F, then there is an 
ambient isotopy of M, jixed on F, which moves V onto V’. 
Proof. Since the frontier of V’ is incompressible, any compressing discal 2-orbifold 
for F is isotopic into V’. This allows the construction of an isotopy of M, fixed on 
F, moving V into the topological interior of V’. From now on we will assume that 
V is so contained. Since there is also an isotopy moving V’ into the interior of V, 
the inclusion of V into V’ induces an isomorphism on fundamental groups. 
Let G be a component of the frontier of V. Recall that G is not spherical. Since 
the inclusion of V into V’ induces an isomorphism on fundamental groups, there 
is a component N of the closure of the complement of V in V’ that meets V only 
in G. By van Kampen’s theorem for orbifolds, nyrb( V) is a graph product whose 
vertex groups are the orbifold fundamental groups of the components of B or are 
finite groups that act on the 3-ball, and whose edge groups are the fundamental 
groups of the attached l-handles. In particular, there is a vertex u whose vertex 
group is ryrh (G x I). The same compressing discal 2-orbifolds give ry”( V’) the 
structure of a graph product with the same underlying topological graph; in this 
graph product the vertex group of u is 7~~ Orh( G x I u N). It follows that the inclusion 
of G x Z into G x Z u N induces an isomorphism on fundamental groups, hence 
the same is true for the inclusion of G into N. Since V’ is very good, so is N, so 
there is a regular covering of N which is an irreducible manifold. By the h-cobordism 
theorem for 3-manifolds, this covering space must be a product. By 
[13, Theorem 8.11, the action of the covering transformations on this cover is a 
product action, hence N is a product orbifold. Using such a product structure on 
each of the components of V’- V, the desired isotopy can easily be constructed. 
This completes the proof. q 
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